The asymptotic scaling behavior of the mixing region induced by a random velocity field is determined by applying Corrsin's hypothesis in both the Eulerian and Lagrangian pictures. Both pictures lead to the same results for the asymptotic scaling exponent of the mixing region. Both longitudinal and transverse diffusion are asymptotically non-Fickian (Fickian) when the correlation function of the random field decays more slowly (rapidly) than r −1 at large length scales.
INTRODUCTION
Scaling behavior of the mixing region induced by a random velocity field has importance in oil recovery processes, ground water ecology and fully developed turbulence. We have determined the asymptotic scaling behavior of the mixing region for a general class of random fields, at the level of renormalized perturbation theory.
As distinct fluids flow under the influence of a random velocity field, a mixing region develops along the boundary between the distinct fluids, which grows as time increases. The statistical behavior of the random velocity field (or more fundamentally, for porous media flow, the permeability field) governs the statistical behavior of the fluid. The growth rate of the mixing region, or equivalently, the macroscopic dispersivity, depends on the length scales of the velocity and permeability field fluctuations. Experimentally, it is easier to measure the fluids than the permeability field. Therefore, the study of the relationship between the scaling behavior of the fluid statistics and the scaling behavior of velocity or permeability statistics becomes an important tool to understand the latter.
The mixing length or the size of the mixing region is an important variable which serves to characterize the mixing process. The relationship between the asymptotic exponent of the fluid and the random velocity field was established in [19] based on a hierarchical grid model for an isotropic fractal random field. A quantity f (x) is fractal with exponent b if f (λx) = λ b f (x). Otherwise it is a multi-fractal. The exponent of a multi-fractal is given by b (x) = dln f (x)/dln x.
The scaling behavior of the mixing region induced by an anisotropic, multi-fractal random field,
i.e. a random field with a general correlation function has been determined in [35] at all length scales. Both of these studies assumed leading order perturbation theory. It is believed in general that Corrsin's hypothesis is a better approximation than the leading order perturbation analysis for a moderate strength of heterogeneity. The central question addressed here is: Will the equation obtained from Corrsin's hypothesis give the same asymptotic scaling behavior as the one given by leading order perturbation theory [19, 35] ? Our answer is: Yes.
In the study of turbulence, the scaling exponent obtained from the Eulerian picture with the direct interaction approximation (DIA) does not agree with the scaling exponent obtained from the Lagrangian history direct interaction approximation (LHDIA) and only the latter agrees with
Komogroff theory [29] . On this basis, the question has been raised whether the Eulerian and Lagrangian pictures will also give different results for the relationship between the asymptotic scaling exponent of the mixing region and the asymptotic exponent of the correlation function.
Our results show, on the contrary, that leading order renormalized perturbation theory, i.e.
Corrsin's hypothesis in the Eulerian and Lagrangian pictures gives the same relationship between the asymptotic scaling exponent of the fluid and the asymptotic scaling exponent of the random field. In the Eulerian picture, the asymptotic mixing length is defined as the scaling of the spatial variable of the ensemble mean fluid concentration at large distance. In the Lagrangian picture, the mixing length is defined as the square root of the spatial second moment of the ensemble mean displacement.
Although the permeability statistics at short length scales can be measured in the laboratory, such information from short length scales is not sufficient to determine the statistical behavior of the fluid at intermediate and large length scales. Therefore, multi-fractal theories are more appropriate for the study of the scaling behavior of the fluid at all length scales, The multi-length scale analysis of [35] shows that, for a multi-fractal random velocity field, the scaling exponent of the fluid may be different at different length scales. There are two factors which contribute to the variation of the scaling exponent of the fluid at each length scale. The first is the value of the scaling exponent of the random velocity field at the current length scale. The second is the behavior of the scaling exponent of the random velocity field at all length scales smaller than the current length scale (a transient effect). In the asymptotic regime, the scaling exponent approachs its asymptotic limit, and the transient effect from finite length scales is damped. The asymptotic scaling exponent of the fluid is determined by the asymptotic scaling exponent of the random velocity field only. Therefore fractal random velocity field models can be used for the study of the asymptotic scaling relationship between the fluid and the random velocity field. For a random velocity field with an asymptotic scaling exponent less than −1, the asymptotic scaling behavior of the fluid is Fickian, i.e. 1/2. In this case, a purely fractal random velocity field leads to an ultraviolet divergence. Any cutoff, which removes such divergence, changes the random velocity field from fractal to multi-fractal. Since the introduction of the ultraviolet cutoff only affects the scaling behavior of the random velocity field at short length scales, it does not affect the asymptotic scaling relation between the fluid and the random velocity field. The situation is quite different for a random velocity field with an asymptotic scaling exponent larger than zero. In this case a pure fractal leads to an infrared divergence. Since the infrared cutoff changes the scaling behavior of the random velocity field at large length scales, it intrinsically affects the asymptotic scaling relationship between the fluid and velocity field. Therefore, for infrared divergent systems, the scaling relationship depends on the rate at which the infrared cutoff is removed.
Any positive, differentiable function can be expressed in a multi-fractal form
where
is the multi-fractal exponent of f and a (t), determined by
is the multi-fractal coefficient of f (t). The asymptotic exponent of f (t) is defined as
Let γ be the asymptotic exponent of the mixing region, let β be the asymptotic scaling exponent of the correlation function of a random (velocity or permeability) field, and let α be a parameter which characterizes the rate of removal of the infrared cut-off. We show that under
Corrsin's hypothesis,
For β ≤ 0, γ is independent of α and of the infrared cutoff. In the case β > 0, the fastest removal of the infrared cutoff (i.e. to achieve cutoff independent asymptotic scaling exponents of the mixing layer) is obtain by taking the limit α → ∞. However γ diverges in this limit. This leads to the following conclusion under Corrsin's hypothesis: In plane of log mixing length versus log(t), an infrared cutoff independent asymptotic slope (i.e. an infrared cutoff independent asymptotic exponent of the mixing regime) either lies in the range between 1 /2 and 1 or is infinitive. Any finite slope outside the range between 1 and 1/2 is an intermediate asymptotic exponent or an infrared cutoff dependent exponent.
In the case of asymptotic non-Fickian diffusion in the Lagrangian picture, we have also determined the asymptotic coefficient of the mixing length. In other words, we have determined the dominant asymptotic behavior for that case. In general, the dominant asymptotic behavior can be different from the leading asymptotic behavior. They differ by subdominant functions.
The leading asymptotic behavior of a function f includes all non-zero contributions to f (t) in the limit t → ∞, while the dominant asymptotic behavior of f includes only the portion of the leading asymptotic behavior of f which has the largest scaling exponent. As we will see in the case of asymptotic non-Fickian diffusion in the Lagrangian picture, the dominant asymptotic behavior of the mixing layer is independent of the initial data, while the leading asymptotic behavior of the mixing layer does depend on the initial data.
The study of the mixing induced by a random velocity field has a long history. Various methods have been used in the study, including the renormalization group method [2, 12, 20] , homogenization, weak limits and compensated compactness [1, 33] , hierarchical random field models [19, 30] , exact treatment of laminar shear flow [4, 36] , Monte Carlo simulations [13, 32] , front tracking [14, 15, 16] , etc. Other treatments of diffusion induced by random fields can be found in [3, [6] [7] [8] [9] [10] [11] 17, 18, [21] [22] [23] [24] [25] [26] [27] [28] [29] 31, 34] .
II. Corrsin's Hypothesis in the Lagrangian Picture
The diffusion induced by the random velocity field or permeability field can be studied in the Lagrangian picture by applying Taylor's diffusion theory. For explicitness, we will consider flow in three dimensions in this section. Let X be the second moment of the ensemble averaged displacement. From the Taylor diffusion theory [8, 31] , X satisfies the equation
Here * denotes a complex conjugate, X ′ is the fluctuation of the particle displacement about its
Under Corrsin's hypothesis [9, 29, 31] and the assumption that X ′ is Gaussian, one can
. We further assume that
) is a scalar function, and
Here I is an identity matrix and
→T is the incompressible projection operator. One example of such kind of velocity correlation tensor is the perturbative solution for the velocity field for incompressible systems satisfying Darcy's law [7, 31] . In this case, g (k
→
) is the covariance function of the permeability field in Fourier space.
Under Corrsin's hypothesis, (2.1) can be expressed as [9, 31] 
The initial conditions X | t = 0 and dX /dt | t = 0 to (2.2) are assumed to be positive semidefinite tensors to insure that X is also positive semidefinite. Let f L and f T be the diagonal elements of X corresponding the longitudinal and transverse directions respectively. We define the longitudinal and transverse scaling exponents, γ L and γ T , of the mixing region as
3)
The factor 1/2 in these definitions results from the fact that f L 1/2 and f T 1/2 have the dimension of length. We define the longitudinal and transverse diffusion coefficients (for the portion induced by the random field) as 4) and the scaling exponents of the diffusion coefficients as 
Proof. From the definitions (2.3)-(2.5), we have
Lemma 2.2. Assume a statistically isotropic permeability field. If the initial data X | t = 0 and dX /dt | t = 0 are diagonal and consistent with the cylindrical symmetry of (2.2), then
where g(r) is the inverse of Fourier image g (k),
The initial data here are all positive semidefinite.
Proof. Since the permeability field is statistically isotropic, the correlation function g (k
2) is a function of the magnitude of k → only. After writing dk → = k 2 dksinθdθdφ, and integrating over dφ, (2.2) can be expressed as
Here τ = cosθ. The definition of h and a are given by (2.7). We express g (k) in terms of g(r)
After an substitution of above expression into (2.8), we obtain
Substitute F (a,r,h) and F (a,r, −h) into (2.9), (2.6) follows.
Proof. From (2.3), the scaling exponent γ i (t) can be expressed as
When f i ′′ satisfies the condition stated in b), we can approximate 
Proof. We prove in Appendix A that the limit
exists. Then from (2.10), we have
Now we obtain the limit of ψ i . From Lemma 2.1 and the fact that γ i, ∞ = 1/2, we only need show that
From the definition (2.4) and (2.5), we
lim dz i /dlnt = 0 and the assumption that
exists and vanishes. Therefore
Proposition 2.5. Let g(r)
= cr β be a fractal correlation function with −1 < β < 0. Here c is a constant and β is the fractal exponent of g(r). Then f L and f T satisfy the equation
(2.12)
Here a and h are given by (2.7). D −β−1 is the parabolic cylinder function defined by
Proof. Equation (2.6) can be expressed as
where by definition
By substituting (2.14) into (2.13), (2.12) follows.
Proposition 2.6. For a fractal correlation function g(r)
= cr β with −1 < β < 0, the dom-
respectively. The asymptotic exponents of the mixing length in the longitudinal and transverse
The asymptotic scaling exponents for the diffusion
Proof. Equation (2.12) can be expressed as
The functions h β (1 − τ 2 ) 2 and h β τ 2 (1 − τ 2 ) have one sign in the interval 0 ≤ τ ≤ 1. Then applying the mean value theorem, we have
, and a i and h i are given by (2.7) with τ = τ i , for i = L,T.
Since W (z) is finite for 0 ≤ z ≤ ∞ and
and (2.16) that 
We show that
However the integrand of (2.18) is nonnegative. Therefore the integrand must approaches to zero in the limit t → ∞. This is only possible either
= 0, which contradicts with (2.17) . Similarly, we can show that
We proof in Appendix B that
for n ≥ 0. Then the dominant asymptotic behavior of f i is determined by the equations
Integrating (2.20) and (2.21) over t once (and divided by 2), we obtain the dominant asymptotic behaviors of κ L and κ T . Integrating (2.20) and (2.21) over t twice, we obtain the dominant asymptotic behaviors of f L and f T .
The contribution of the initial conditions to f i or κ i is subdominant. We will give a more general discussion in Proposition 2.9.
We are going to consider the infrared divergent case (0 ≤ β). To remedy such divergences, a low wave number cutoff k l is required. As we have discussed in the introduction, in the infrared divergent case, the asymptotic exponent of f i depends on the rate at which the infrared cutoff approaches zero. We use scaled variables: ) .
We express the infrared cutoff as k l = k 0 ρ 2α (t /t c ) −α . Here α characterizes the rate at which k l approachs zero, and t c = (d l /v 0 2 ) 1/3 is a characteristic time scale. Since the asymptotic exponent is determined by the limit ρ → 0, the time dependence in the cutoff plays no role in the existence of the asymptotic scaling limit. However, the inclusion of the factor (t /t c ) −α in the cutoff is necessary to achieve consistency of the scaling behavior between σ i and ρ with the scaling behavior between f i and t. Notice that t /t c is dimensionless. For the simplicity of the expressions, we set t c = 1 in this paper. The dependence on t c of all expressions involving the infrared cutoff can easily be obtained by replacing t α by (t /t c ) α in these expressions. The scaling factor ρ 2α in the infrared cutoff has following meaning: the length scale of the spatial domain is increased by a factor of ρ −2α as the time scaling is increased by a factor of ρ −2 .
Proposition 2.7. For a fractal correlation function g (k) = c | k | −β−3 with 0 < β < 2, the asymptotic scaling exponents of the mixing length are
The dominant asymptotic behaviors of f L and f T are given by
, C L and C T are determined by the equation
(2.25)
The asymptotic scaling exponents of the diffusion coefficients are ψ L, ∞ = ψ T, ∞ = 1 + αβ, and the dominant asymptotic behavior of the diffusion coefficients are given by
Proof. From (2.8) we have
We set k l = k 0 ρ 2α t −α , and change to the scaled variables:
Then (2.26) becomes
After changing to the variable k = kt α ρ −2α , (2.27) becomes
We choose the scaling σ = σ L = σ T = ρ 2 + αβ , with the constraints 1 < α and ρ
Under the scaling σ = σ L = σ T = ρ 2 + αβ , with the constraints 1 < α and ρ
when σ = ρ 2α , or to
when ρ 2α < σ in the limit ρ → 0. Then applying the dominant convergent theorem to (2.28), in the limit ρ → 0, the dominant asymptotic behaviors of f L dom and f T dom are determined by
when ρ 2α < σ, under the scaling σ = σ L = σ T = ρ 2 + αβ , with the constraints 1 < α.
From the constraints ρ 2α ≤ σ and 1 < α, and the scaling law σ = ρ 2 + αβ , we have 2 − β 2 ≤ α. For 2 − β 2 < α, i.e. ρ 2α < σ, we obtain (2.24) by integrating (2.28) over τ and t.
When α = 2 − β 2 , i.e. σ = ρ 2α , we substitute f i dom by
After intergrating over k, we obtain (2.25).
Equation (2.22) follows from the limits γ
The results for asymptotic diffusion coefficients and their asymptotic scaling exponents follow from the definitions (2.4) and (2.5).
Combining Propositions 2.4, 2.6 and 2.7, we have following proposition.
Proposition 2.8. Let β be the asymptotic scaling exponent of g (k)k 3 , defined as
. For β < −1 we allow a multi-fractal field which satisfies the assumptions stated in Proposition 2.4. For −1 < β < 2 we assume a fractal field. Then the asymptotic scaling exponents of the mixing length, i.e. the asymptotic scaling exponents of f L 1/2 and f T 1/2 are given by
and the asymptotic scaling exponents of the diffusion coefficients are given by
for β < 2 and 2 − β 2 ≤ α.
Now we determine the asymptotic non-Fickian diffusion induced by an infrared divergent
random field with an anisotropic fractal correlation function,
Here c is a constant and B is a n×n matrix which represents the anisotropy of the correlation function. The mean velocity needs not coincide with a principle axis of X, and the local (constant) diffusion tensor D l needs not to be a scalar matrix.
We define the scaling exponent, γ, of the mixing length, the diffusion tensor D (for the portion induced by the random field) and the scaling exponent, ψ, of D as
Here the dimension n needs not necessarily to be 3.
Proposition 2.9. For the anisotropic fractal correlation given by (2.33), the asymptotic scaling exponents of the mixing region are given by
and the asymptotic scaling exponents of the diffusion tensor are given by
The dominant asymptotic behaviors of X and D are given by,
Proof. From (2.2) and (2.33), we have,
where k l is the infrared cut-off. Here we have used the fact that the ultraviolet cut-off is removable for −1 < β.
We change to the scaled variables X ij = X ij σ i σ j and t = tρ 2 . Then the limits t → ∞ and X ij → ∞ are equivalent to the limits ρ → 0 and σ i σ j → 0, and the asymptotic exponents γ ij, ∞ and ψ ij, ∞ are determined by
where S σ = diag(σ 1 , ... ,σ n ) is a diagonal matrix and S σ −1 is the inverse matrix of S σ .
The proof is similar to the one given for Proposition 2.7. We express the infrared cut-off as k l = k 0 ρ 2α t −α and change to the scaled wave vector k = kρ −2α t α . Then (2.40) becomes
Under the scaling σ = σ i = ρ 2 + αβ with the constraints 1 < α and ρ
and d 2 X ij /dt 2 converges pointwise to
Therefore under the scaling σ = σ i = ρ 2 + αβ , for i = 1,2, ... ,n, with the constraints 1 < α and ρ 2α ≤ σ, the dominant asymptotic behavior of X is determined by
The constraints ρ 2α ≤ σ, 1 < α, and the scaling law σ = ρ 2 + αβ yield the condition 2 − β 2 ≤ α. For 2 − β 2 < α, we obtain the asymptotic diffusion tensor and the asymptotic variance tensor by integrating (2.43) over t once (and divided by 2) and twice respectively.
42). Then
we obtain (2.37).
The proof of (2.35) and (2.36) follows the definition (2.34) and the scaling relation between σ and ρ.
Therefore we have completed the proof of Proposition 2.9. Proposition 2.10. For the asymptotic non-Fickian systems described in Propositions 2.6, 2.7 and 2.9, the dominant asymptotic behaviors of X and D (f L , f T , κ T and κ T for isotropic random field ) are independent of the initial data X | t = 0 and dX/dt | t = 0 .
Proof. f i can be expressed as
From Propositions 2.6, 2.7 and 2.9, we know X grows faster than t for large t. Therefore the terms X | t = 0 and dX /dt | t = 0 t are subdominant relative the term ∫ 0
The claim about the diffusion coefficient D can be proved in a similar way from the expres-
Notice that the leading behavior of X and D do depend on the initial data.
We consider below the scaling exponents of X and D at short length scales for an isotropic fractal correlation function with an exponent −1 < β < 0. 
B L and B T are determined by
+ high order terms (2.47) and
+ high order terms (2.48)
Here
We mention that in both (a) and (b) B L and B T are dimensionless constants and independent of the mean velocity v 0 and the strength of the correlation function.
Proof: We prove part (a) first. In this case d l = 0. In the limit t → 0, h → 0 and a → ∞. We
lim a L h L is nonzero, it implies that both f L and f T approaches to zero at least as rapidly as
Then (2.15) leads to a contradiction that f L approaches zero at a rate t 2 + β , which is slower than
We replace f i by C i t 2γ i in (2.50). After matching the exponents of γ L and γ T on both sides of (2.50), we obtain γ L = γ T = 2/(2 − β) and
We further substitute Now we consider the case d l ≠ 0. First we examine which term dominates in the limit
If f L or f T dominates, then either the exponent of f L or the exponent of f T is smaller than one for t << 1 and d l t is negligible. The problem is reduced to the one given in part (a), which leads to the result that both f L and f T are proportional to t 4/(2 − β) . This is contradict with our assumption that d l t is negligible relative to f L and f T . Similar one can show that the assumption that d l t has the same order as f l or f T is also inconsistent. Therefore, d l t is the dominant contribution for t << 1 relative to both f L and f T . Substituting a by (d l t) −1/2 , in (2.12) and integrating over τ, we have
Here we have used the expression for D −β−1 (0) given in the proof of part (a). Integrating (2.52) over t once (and divided by 2) and twice, we obtain (2.48) and (2.47).
Comment: Let f i lin and κ i lin , for i = L,T, be the expressions obtained from the linear theory.
A linear theory corresponds to setting a to zero in all our formulas. It follows that, for a fractal correlation function g (r) = cr β with −1 <β < 0, the linear theory predicts that
and 
The linear theory is based on the assumption that X is small. Therefore one may set X to zero in the right hand side of (2.2). Since X is an increasing function of t. One would expect that for the initial data f i (0) = f i ′ (0) = 0, the linear theory should be valid at small time scales but may not be valid at very large time scales. It turns out surprisingly that the situation is just opposite.
Propositions 2.6 and 2.11 show that, actually the linear theory agrees with the exact solution under Corrsin's hypothesis on the asymptotic time scales, rather than on the small time scales.
Such a paradox can be resolved as follows. As we have seen in the proofs for Propositions 2.6 and 2.11, it is the limit of product ah, i.e. the argument of the parabolic cylinder function which determines the dominant behavior of X. The value of X (or equivalently f i ) alone is not sufficient.
IN other words, it is the ratio t / | | X | | 1/2 which determines the dominant behavior. Setting X to zero on the right hand side of (2.2), is equivalent to setting this ratio to infinitive. At short time scales, X approaches to zero more slowly than t 2 . Therefore that ratio approaches to zero rather than infinity at short time scales. At large time scales t 2 approaches to infinity more fast than X.
Therefore the ratio approaches to infinity which satisfies the actual condition for the validity of the linear theory. This is why the linear theory agrees with the exact solution under Corrsin's hypothesis at large time scales rather than at the short time scales for the fractal random field described in Propositions 2.6 and 2.11.
III. Corrsin's Hypothesis in Eulerian Picture
In this section, we study the asymptotic scaling exponent of the mixing region in Eulerian picture with Corrsin's hypothesis. We show that the effective equation determined from
Corrsin's hypothesis gives the same asymptotic scaling exponent as the one predicted by perturbation analysis in the Eulerian picture, which is an expansion up to second order in term of fluctuation of the velocity field. The most significant difference between the two theories is the behavior of the diffusion coefficient. The diffusion coefficient derived from the second order perturbation theory is local while the diffusion coefficient derived from Corrsin's hypothesis is nonlocal. In this section, we consider a general class of random fields: statistically anisotropic and multi-fractal random fields.
We consider a linear transport equation in n-dimensions, Here v → 0 is a constant vector and is determined by the steady pressure drop applied to the fluid field. δv → is due to the rock heterogeneity and is a function of the spatial variables only for a stationary velocity field. The shape of the tracer interface at t = 0 is given by s(0,x → ).
After changing the independent variable to η → = x → −v → 0 t, i.e. going to the frame moving with the average position of the mixing region, Eq. (3.2) becomes
) and the operator ∇ is defined with respect to the variable η → .
Therefore in the moving frame, δv → depends on the space variables η → and the time variable t. M is the local molecular diffusion tensor. Here we assume M is diagonal tensor with diagonal ele-
Corrsin's hypothesis is an approximation which resolves the closure problem appeared in the ensemble average of (3.3). It replaces the ensemble averaged of the product of the random variables by the product of the ensemble averaged random variables. Here we will replace <δv → δv → s> by <δv → δv → ><s>, and <δvs> by <δv><s>.
We define the asymptotic scaling exponents of a function <s (η → ,t)>. Let f i (t) for i = 1,2, ... n, be functions which are monotonically increasing in the asymptotic regime, and let 
where Q is an anisotropic diffusion tensor given by
Proof. Equation (3.3) can converted to an integral equation
by integrating both sides of (3.3). Substituting (3.6) into (3.3), we obtain
The gradient operators act on all functions following them. We perform ensemble average on both sides of (3.7) and apply Corrsin's hypothesis
In ( 
Here θ is a Heaviside function. η i is the i-th component of η → . γ 1,∞ is the asymptotic longitudinal exponent and γ i, ∞ , for i = 2,3, ... n, are the asymptotic transverse scaling exponents. This initial data is chosen to reveal both longitudinal and transverse scaling behavior.
Proof. After performing a Fourier transformation on η → and a Laplace transformation on t to (3.4), we have the following solution for (3.4) Therefore k j scales as ω (2+β j, ∞ )/2 in the limit ω → 0. Or equivalently, η j scales as t (2 + β j,∞ )/2 in the limit t → ∞. Combining these two cases, we have proved Proposition 3.2. After substituting (3.4) for ∂<s >/∂t ′ in the right hand side of (3.12), (3.11) follows.
Remark. Since (3.4) is exact up to second order in δv → and first order in M, equation (3.11) is also exact up to second order in δv → and first order in M for any random velocity field.
For the scaling behavior of (3.12) on all length scales see [35] .
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